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ABSTRACT 



A large class of noncommutative spherical manifolds was obtained recently from 
cohomology considerations. A one-parameter family of twisted 3-spheres was discovered 
by Connes and Landi, and later generalized to a three-parameter family by Connes 
and Dubois- Violette. The spheres of Connes and Landi were shown to be homogeneous 
spaces for certain compact quantum groups. Here we investigate whether this property 
can be extended to the noncommutative three-spheres of Connes and Dubois- Violette. 
Upon restricting to quantum groups which are continuous deformations of Spin(4) and 
SO (4) with standard co-actions, our results suggest that this is not the case. 
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1 Introduction 



The recent interest in noncommutative geometry has led to an on-going search for 
non-trivial examples of noncommutative spaces. Noncommutative generalizations of 
spheres in various dimensions are known (for a review see 2J), but many of these suffer 
from a drop in dimensions. Actually, the dimension of a noncommutative space is not 
uniquely defined. One choice which uses concepts which are natural in noncommutative 
geometry is the Hochschild dimension. It plays an important role for the three-parameter 
family of deformations of the sphere S 3 introduced by Connes and Dubois- Violette j^j, 
which generalizes the one-parameter family discovered previously by Connes and Landi 
0j. The Hochschild dimension of the corresponding algebra remains constant (and 
equal to three) for the deformation. A generalization to higher dimensions is possible 
for the one-parameter subset, the so-called twisted spheres. This particular subset has 
another important characteristic. It has been shown |H| that the spheres in the one 
parameter subset carry a coaction of the multiparametric quantum orthogonal groups 
SOg(n + 1) [Jj; i.e., they are homogeneous spaces of quantum groups. The aim of this 
paper is to investigate the possibility of defining a group coaction for the three-parameter 
3- spheres as well. 

The algebra of the three-parameter spheres S 3 |2] is generated by hermitean operators 
Xp, \i = 0, 1, 2, 3, subject to 

x li x ll = 1L, (1.1) 
where 11 is the unit operator, and quadratic commutation relations 

•Ev\ iE^ U ptj XpX a . (1.2) 

The constant coefficients E^ u pa are expressed in terms of four angles 
* sin ((j) p — <f>g) 

En V per = euuna 7 r , no sum on repeated indices (1-3) 

cos {(f)p - <p„) 

Ep V ^pa is antisymmetric in the first two indices and symmetric in the last two indices. 
These commutation relations hold provided no two angles differ by ir/2. Because they 
depend only on the difference of angles there are three independent deformation param- 
eters, and so one angle, say <po, can be set to zero. The Connes-Landi case has two of 
the remaining angles equal with the third zero; e.g., 0i = 2 = f an d 03 — 111- 

In the search for continuous symmetries, we shall consider linear, as well as spinor, 
transformations. When all angles are set to zero we require that the symmetries reduce 
to 5*0(4) and Spin(4:) transformations, respectively. On the other hand, we cannot get 
Lie group transformations when any of the independent parameters are nonvanishing, 
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since (jl.2j) would in general not be preserved. If they exist, such symmetries should corre- 
spond to quantum group transformations. As the Connes- Dubois- Violette three-spheres 
are three-parameter deformations of the sphere, their symmetries should correspond to 
multiparametric deformations of 50(4) and <5|nn(4). Multiparametric deformations of 
orthogonal groups |S| can be obtained from the standard one-parameter quantum 
group by applying a twist F, which depends on additional parameters q a b, to the quan- 
tum R matrix. The twist is required to be a specific function in the universal enveloping 
algebra of the Lie group under consideration. Under these assumptions the quantum 
deformation becomes at most two-parametric in the case of SO (A). Therefore these 
kind of q-groups cannot be be associated with symmetries for the full three-parameter 
family of noncommutative spheres. Alternatively, it is possible that there exist symme- 
tries associated with quantum groups which are not deformable to Lie-groups. Here, 
however, our primary focus will be on continuous deformations of Spin(4) and SO (4). 
We are then justified in looking at the limit of small angles where the search for con- 
tinuous symmetries is considerably simplified. This is the commutative limit, where the 
noncommutative sphere goes to S 3 , with x^ going to real commuting coordinates x M , 
x^x^ = 1, and the noncommutativity gets replaced by a nontrivial Poisson structure on 
S 3 . The commutative limit of the quantum group associated with a continuous sym- 
metry, if it exists, is a Lie-Poisson group [§], a Lie group with a Poisson bracket on the 
group manifold which is compatible with the group multiplication. 

The search for Lie-Poisson symmetry in the case of the commutative limit of the 
Connes and Dubois- Violette spheres is carried in sections 2 and 3. The Poisson brackets 
are recovered from (jl.2|) in the limit of small angles <^ — > 

%v\ E^y pfj XpX a , (1.4) 

where 

Epu^pa = tpv p( j{tp — t a ) , no sum on repeated indices (1-5) 

Our approach is to express the Poisson brackets on S 3 in terms of a constant matrix, 
with the intention of utilizing it as a classical R-matrix for a Lie-Poisson group. In 
section 3 we consider Spm(4) transformations. For this one expresses the coordinates in 
terms of an SU(2) matrix u, with the Spin(4) = SU(2)xSU(2) transformation given by 

u — > u = guh^ 1 , (1.6) 

where g and h are independent elements of SU(2). The problem is then to find a Poisson 
structure on Spm(4) which is compatible with the Poisson algebra on S 3 . This means 
that both group multiplication and the action on S 3 are Poisson maps. The former 
property defines the Lie-Poisson group. Expressing the Poisson brackets on the group 
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in terms of a classical R— matrix, which by definition satisfies the classical Yang-Baxter 
equations, insures that the Jacobi identity is satisfied. If such a classical R— matrix is 
found, the group is a Lie-Poisson group, and the space under consideration would be a 
homogeneous space of the Lie-Poisson group. In section 2 we find a consistent classical 
R— matrix only in the Connes-Landi limit, and thus we only get a Poisson map of Spin(4) 
in this case. In section 3 we get the same result for SO (4). We assume the usual linear 
SO (4) transformations 



M^v being 5*0(4) matrix elements. A candidate for the Poisson brackets of M^„ can 
be written in terms of a constant 16 x 16 matrix, but the latter only defines a classical 
R— matrix, i.e., satisfies the classical Yang-Baxter equations, in the Connes-Landi limit. 

After ruling out symmetries associated with continuous deformations of Spin(4) and 
SO (4), there still is the possibility of symmetries at certain finite angles M . This case is 
more difficult to analyze since it involves going to the full noncommutative theory. In sec- 
tion 4 we investigate the full noncommutative theory and search symmetries associated 
with spinor-type transformations. We express the algebra for the twisted three-sphere in 
terms of a possible quantum R-matrix. The quantum Yang-Baxter equations should be 
satisfied for the corresponding quantum group algebra to be co-associative. This cannot 
be true for arbitrary continuous deformations of the commutative sphere, since in the 
limit of small angles we recover the system of section 2. In section 4 we further find no 
finite values of other than those in the Connes-Landi limit, for which the candidate 
R-matrix satisfies the quantum Yang-Baxter equations. 

In section 5 we Wick rotate the system of Connes and Dubois- Violette, leading to 
"noncommutative hyperboloids" in Minkowski space, and repeat some of the previous 
analysis in search of quantum deformations of the Lorentz group which have twisted 
hyperboloids as homogeneous spaces. As before the search is only successful for a one 
parameter subset of hyperboloids, namely being the Wick rotation of Connes-Landi 
spheres. 

In section 6 we give concluding remarks and discuss the prospects for a more exhaus- 
tive study of the full noncommutative theory. 

2 Poisson action of Spin(A) 

As u appearing in (|1.6|) is in the defining representation of SU (2) it can be expressed in 
terms of the coordinates according to 



x 





u = x,,r 
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where r° is the 2x2 identity matrix r° = H 2 x2 and r l are i times the Pauli matrices, 
t 1 = ia\ % = 1, 2, 3. r M satisfy 

^(tV) = rT = diflg(l, -1, -1, -1) (2.2) 

it has real trace and the traceless part is anti-hermitean. Hermitean conjugation corre- 
sponds to a parity transformation. 

We next show that the Poisson brackets (|1.4j) can be written in the form 



{u,u}=uru — uru, (2.3) 

12 2 1 12 



where by u and u is meant u ® H and 11 ® w respectively, and r is a 4x4 matrix which 

1 2 

we need to determine*. From 

uv) = v)u = fl aX 2 > ( 2 - 4 ) 
r must be hermitean. From the antisymmetry of the Poisson bracket r should be invari- 
ant under exchange of the two tensor product spaces; i.e., r = r = r . Finally in order 

12 21 

to recover the Poisson brackets (jl.4j) from ()2.3|) r should satisfy 



T p rr a _ T p rr a + T a rT p _ ^ r jP = 2 E^ pa T^ T U (2.5) 
21122112 12 

The solution (up to a term proportional to the identity matrix 11 4X 4 = r°xr°) is 

r = ki r^r 1 + k 2 r 2 <g>r 2 + k 3 r 3 (g>r 3 , (2.6) 

where Ki are given by 

!/ 

«i = 2^ -e ° ~~ ei + 62 + e ^ 
k 2 = -(-e + ei - e 2 + e 3 ) 

^3 = ?:(-eo + ei + ^2 - e 3 ) (2.7) 



"For a more general starting ansatz see the end of this section. 
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The standard action of Spin(A) on S 3 is where g and h are independent elements 
of SU(2) in the defining representation. The Poisson algebra ()2.3|) is not preserved under 
this action. Instead, (|2.3J) goes to 



{ u' , u' } = u' r' u' — u' r' u' , (2.1 

12 2 12 1 1 21 2 



where 



r ' = g h r h~ l g- 1 (2.9) 

12 12 2 1 

On the other hand, if we can consistently assign the following Poisson structure to 
Spin(4): 

{g,h} = -[r,gh} { g , g} = {h , h} = , (2.10) 

12 12 12 12 

the brackets (J2.3)) are invariant in the sense that (jl.fij) is a Poisson map. For these 
Poisson brackets to be consistent we need that they are antisymmetric and satisfy the 
Jacobi identity. This means that r should satisfy the classical Yang-Baxter equations 



[r, r + r) + [r , r ) = I' , (2.11) 

12 13 23 13 23 

where I' is an adjoint invariant for Spin(4). Note that the classical Yang-Baxter equa- 
tions did not have to be satisfied for (|2.3j) to be consistent with the Jacobi identity. It 
is easily seen that the classical Yang-Baxter and hence the Jacobi identity for ()2.10|) are 
satisfied when all Ki but one vanish. This corresponds to two angles being equal while 
the third is zero, i.e. the Connes-Landi case. Moreover, the Yang-Baxter equations and 
Jacobi identity are only satisfied in this case, and thus only then do g and h generate a 

Lie-Poisson group. In that case we can introduce spinors ip = ( ^ ] and ijj = ( ipi ip2 ) 



1> 



2 



with Poisson brackets 

U>a, "0b} = r ad , cb ip c ip d , (2.12) 

for which 

^^^>=g^ : $ = (2.13) 

will be a Poisson map. Then the Poisson algebra for ipip is identical to that for u in (|2.3|) . 
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Concerning (j2.3j) . we could start with the most general ansatz which is linear in both 
u and u : 

1 2 

{ u , u } = r^ 1 ' u u + u ur^ — ur^ u — ur^ u , (2-14) 

12 1212 2 112 

where we have introduced four 4x4 matrices r^ A \ A = 1, 2, 3, 4. Now (jl.fi j) is a Poisson 
map when (j2.10j) is generalized to 



{9,9} = [r {1 ',9 9] 
12 12 

{h,h} = [r (2 \hh] 
12 12 

{g,h} = [r<*>,gh] 
12 12 

{h,g} = [rW,hg], (2.15) 
12 12 



The matrices r^ A \ A = 1,2,3,4, are not fully determined from the Poisson brackets 
(jl.4j) of the coordinates. The ambiguity can be fixed once one imposes the requirements 
that the Poisson brackets for the matrix elements of g and h be antisymmetric and 
consistent with detg = deth = 1. However, it can be shown, that then the brackets 
(j2.14j) and (j2.15j) collapse to (j2.3j) and (j2.10j) . and so the previous conclusions apply. 

3 Poisson action of 50(4) 

From the Spin(4:) transformations (jl.fi j) we can construct the corresponding 5*0(4) trans- 
formations (jl.7j) . and since the former defines a Poisson map in the Connes-Landi case 
so does the latter. In that case SO (4) matrix elements are expressed as quadratic 
functions of group elements g and h 

M, u (g,h) = ±Tr(T,gT»h- 1 ) , (3.1) 

where the indices on r are raised and lowered with the Minkowski metric (j2.2j) . More 
generally, if we don't make assumptions like (j3.1j) . it may be possible to find a Poisson 
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map of a group even when no Poisson map is induced by its covering group. However, 
we find that not to be the case for 5*0(4) acting on the noncommutative 3-sphere, i.e., 
like Spin(4), SO (A) has a Poisson action only in the Connes-Landi case. 

The Poisson brackets (jl.4J) are not preserved under the action (jl.7j) of 5*0(4). Rather 
they are transformed to 

{ X pi X i/} = ^pv,pa X p X a 1 (3-2) 

where 

E' fiv>pa = M^MvpM^Mvs E a p >jS (3.3) 

On the other hand, it may be possible to have Poisson brackets on 50(4) which define 
a Lie-Poisson group and make (jl.7j) a Poisson map. The Poisson brackets are required 
to satisfy 

({M M7 , M u5 } - E m pvMfryMvs + M^M^Ep^s) x j x s = , (3.4) 
in addition to antisymmetry and the Jacobi identity. ()3.4|) is solved by 



{M , M} = [R, M M~ 

12 12 



(3.5) 



where 

Rpv,pa ' *-> III', pa ■-■'/;<<. fin ■ 

and A is antisymmetric in the last two indices, ^ = —A 



E„ 



(3.6) 



that M is orthogonal it follows that R should be a symmetric matrix R^ u ^ po - — .«,,,,.,,; 



tir . up. From the requirement 

Re. 



This then fixes A 



fj.li, per 



E P u,pu, and hence R becomes 



R 



pv, pa 



tp + e £ 



(3.7) 



Antisymmetry of the Poisson bracket follows since R is antisymmetric under exchange 
of the tensor product spaces. R can be expressed in terms of tensor products of 50(4) 
generators Jj and Ki, i = 1,2,3, written in the defining representation: 



Ji 



2V2 



1 




J-2 



2V2 



t 
-1 

- 

V-i 

/ 1 

-1 

1 

V 1 



i\ 

1 
1 
-1 0/ 

-i\ 

-1 

1 

-1 / 





f 


-1 


1 


o\ 


1 


1 








1 


2V2 


-1 








1 




V 


-1 


-1 


0/ 




f 


1 


1 


\ 


1 


-1 








1 


2 a/2 


-1 








-1 




V 


-1 


1 


/ 



s 



J; 





/o 





-1 


o\ 


1 











1 


2 


1 













VO 


-1 





0/ 






M 



-1\ 

1 

-10 

/ 



They satisfy 



[Ki,Kj] = e ijk K k 
[JiiKj] = 

Defining J± = v/2(Ji ± J 2 ) and K ± = >/2(#i ±K 2 ),R can be written 
R 



(3. 



(3.9) 



2«i (J_®K 3 -K 3 ®J_) + 2k 2 (K + (g)J 3 -J 3 (g)K + ) + k 3 (K-®J + -J + ®K-) , 

(3.10) 

where Ki are again given by ()2.7|) . Finally we need to check that (j3.5j) satisfies the Jacobi 
identity, or equivalently that R satisfies the classical Yang-Baxter equations: 



[R, R + R] + [R, R] = I , (3.11) 

12 13 23 13 23 

where / is an adjoint invariant for 50(4). From [Jj, Kj\ = 0, it is easily seen that (|3.11|) 
is satisfied when all but one vanish. Thus the Jacobi identity is satisfied when two 
angles are equal and the third is zero. Just as with Spin(A), the Yang-Baxter equations 
and Jacobi identity are only satisfied in this case, and thus [M^ u ] generate a Lie-Poisson 
group only in this case. It can be checked that the results in this case agree with the 
lowest order commutation relations in j^J. 

Above we have argued that we can consistently define a Poisson algebra for the SO (4) 
matrices only in the Connes-Landi case. This algebra is obtainable from the Poisson 
algebra ()2.10|) on Spin(4) using ()3.1|) : 

{M^,M p(T }(<7,/0 = jTr r p {g r» h-^gr* h- 1 } 

12 12 11 1 22 2 

= jTt T p (g t v (grh^ 1 - h~ l r g)T a h~ l 

12 1 2 M 1 2 1 1 22 2 

+ g r a (h^rg - grh- 1 )^ h- 1 } , (3.12) 

22 21 12 1 1 ^ 
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where Tr means a trace over both tensor product spaces. We then recover the expression 

12 

(J3.5|) with R given by 

R P u, P v = 2Tr[T p ®T",T fi ®T tT ]r (3.13) 

4 12 

After substituting in the general expression for r given in ()2.6|) one then gets (|3.7|) . 



4 Quantum Spin(4) Transformation 

Here we generalize to the full noncommutative theory with the goal of searching for 
symmetries of the noncommutative three-sphere occurring at finite angles 0^. For sim- 
plicity we restrict to spinor-type transformations thereby generalizing the discussion of 
Section 2. 

We begin by replacing the 2x2 matrix u by another 2x2 matrix u, the latter having 
noncommuting matrix elements. The property of unitarity 

UyJ = y)u = 11 2X 2 , (4.1) 

can be maintained although u does not have to have unit determinant. For this (|2.1|) 
should be generalized to 

u = x^e*^ . (4.2) 

The sum over fi = 0,1,2,3 is assumed. The unitarity condition was shown [3| to be 
consistent with the commutation relations (jl.2|) . We next show that the commutation 
relations can be expressed as 

ufu = ufu (4-3) 

12 2 1 

for some 4x4 matrix f. These relations are invariant under interchange of the two tensor 
product spaces provided f is invariant under interchange of the two tensor product 

spaces; i.e., f = f = r . In the limit of small angles </> M — > e M , f should reduce to 

12 21 

1Ux4 + ir , with r given in (|2.6|) . for then the commutator of u with u goes to i times 

1 2 

the Poisson bracket in (|2.3|) : 

u u — u u —>■ iurii — iurii (4-4) 

12 21 21 12 
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So the task is to find f so that the commutation relations (|4.3|) agree with (J1.2)) . Sub- 
stituting (l4~2l into (|Q)I . we get 



T P YT U — T p f T a )XpX a = 



(4.5) 



2 1 12 



where the sum over indices is again assumed. We cannot equate coefficients of x p x a to 
zero because they are not all independent. Rather from ()1.2|) they are related by 



(4.6) 



where 



Spa,af3 — 8ap8f3a + S acT 5/3 p ■ (4.7) 

and E pa ,a(i is given in ()1.3|) . Both S pat0 ,f3 and E pa ^ a p are symmetric in the last two 
indices. f|4.6|) then says that all quadratic combinations of Xp can be expressed in terms 
of just the symmetric ones. If we substitute into (|4.5|) we can then equate coefficients of 
all the symmetric combinations of x a xp to zero. The result is a generalization of ()2.5j) : 



r p f T a — T p f T a + T° f T p — T° f T P 
21 12 21 12 



= _i e *(*/*+*>'-*P-*<0 Ep U)Pa (r p rT u - r p rr u ) 

2 1 12 

Up to an overall constant factor, it is solved by 

/ e 2i((f> -<j> 2 ) _|_ e 2i(<t>o-<t>i) Q Q 



(4.8) 



A 1 
r = - 
2 



g2i(0 o -<fe) _ g2i(^ — 01 ) 
e 2j(</> o -03) _|_ ]_ g2«(0o-03) _ ]_ Q 





Q e 2i(</> o -03) _ ]_ e 2i(</>o-</> 3 ) _|_ j Q 

l e 2i(4> -<j>2) _ g2i(0o— 0i) Q Q e 2i(0o-02) _|_ g 2i(0o-^i) y 



or equivalently, 

with a sum over // and 



r = ll 4x4 + i/c^ r^Or^ 



V3 _ e 2i(&)-<M _ g2i(^o-02) _ g2i(<?io-03)^ 



_1(X + g2i(^o-0i) _ e 2i(0o-0 2 ) _ g2i(0o-0 3 )\ 



(4.9) 
(4.10) 



4 
i 
4 
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j> 3 — —-(I — e 2i (^o-^i) _ e 1i{<t>0-<t>2) _|_ ^K<fa-<h)^ (4-11) 

The expressions for Kj, i = 1,2,3, reduce Ki to (|2.7|) in the limit of small angles M — > e M , 
while Ko is arbitrary in the limit. 

The relations (|4.3|) are not invariant under Spin(A). Alternatively, we can try to 
define a deformation of Spin(A), parametrized by two nonsingular 2x2 matrices g and h 
with noncommuting matrix elements with an involution. The co-action on u is 

u u> = guh- 1 (4.12) 

In order to preserve ()4.1j) we demand that g and h are unitary. Transformation (|4.12j) 
preserves the commutation relations (|4.3j) provided 

fgh = hgf [g, g] = [h,h}=0 (4.13) 

1221 12 12 

This is easily shown. Under the co-action, the left-hand-side of ()4.3|) transforms to 

u'ru' = gulr x fguhr x 

12 111 222 

= g u gr h^ 1 u Yr 1 

112 1 2 2 



g g uru h 1 h 1 

2 112 2 1 



= ggufuh l h l 

2 12 12 1 

= g u gr hr 1 u h^ 1 

2 2 1 2 11 

= g u h^ 1 f g u h~ l = u'ru' (4-14) 

2 2 2 111 21 

In order for the algebra generated by g and h to be associative it is necessary for f 
to satisfy the quantum Yang-Baxter equations: 

f r r — r r f (4-15) 

12 13 23 23 13 12 
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On the other hand, the quantum Yang-Baxter equations did not have to be satisfied for 
the algebra generated by u to be associative. Finally substitute (j4.10j) into ()4.15|) . As in 
the infinitesimal cases, we get an identity only when two angles are equal and the third 
is zero. Hence the spinor-type transformations (j4.12j) correspond to symmetries only in 
the Connes-Landi case. For example, choose <fto = = and <fii = <p2 = 0/2. Then f 
simplifies to diag(g, 1, 1, q), where q = e~ 1 ^, and the condition (jl.lj) is equivalent to 

detqU = u\\u 2 2 - qunU2i = 1 (4.16) 

This condition is preserved under ()4.12|) provided detg deth' 1 = 1, after using ()4.3|) 
along with the commutation relations for matrix elements of g with h . It can be 
checked that both detg and deth' 1 are Casimirs of the algebra and hence can be set to 
one. From ()4.12|) one can obtain the left co-action of the coordinates 

► x ^ Ad^Xi, , (4. IT) 

with 

M^{g, h) = I e 1 ^-^ Tr^r^- 1 ) (4.18) 

The commutation relations for are then determined from the commutation relations 
for matrix elements of g with hr 1 . 



5 Noncommutative hyperboloids 

The sphere of Connes and Dubois- Violette can be Wick rotated to Minkowski space. 
The result is a three-parameter family of "noncommutative hyperboloids" . We can then 
repeat the previous analysis and search for quantum deformations of the Lorentz group 
which have noncommutative hyperboloids as homogeneous spaces. For simplicity, we 
only examine the first order system and write it in spinor notation. The result is that 
there is a Lie-Poisson action of a Lie-Poisson group acting on a one parameter subgroup of 
noncommutative hyperboloids, namely the Wick rotated version Connes-Landi spheres. 
The Wick rotation of the Poisson structure (|1.4j) is 

{xn,x u ^ E^p pfj x^x , (5.1) 

where -E^^po- are again given in terms of three independent parameters by (jl.5|) and 
the indices of x are raised and lowered by the Minkowski metric rj^ = diag(— 1, 1, 1, 1). 
rjuvX^x 1 ' is a Casimir for the Poisson algebra and so we can restrict to a hyperboloid. In 
the quantized theory, the time component Xq will be noncommuting for any nontrivial 
values of the parameters. 
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The algebra can be re-expressed in terms of a hermitean matrix x = x^a^, where 
a is the 2x2 identity matrix and a 1 , i = 1,2,3, are the Pauli matrices. The Poisson 
brackets (|5.1J) can be written as 

{x , x} = i x r x — ixrx, (5-2) 

12 2 1 12 

using the definition of r in (|2.6|) . The Casimir is now expressed as det x, the latter being 
invariant under SL(2, C) transformations 

x _> x' = sxs ] , s e SL(2, C) (5.3) 

The Poisson algebra is not preserved under this action, but if we can assign the following 
Poisson structure to SL(2,C): 

{s, s} = -i[r, s s] {s, s} = {s, s} = , (5.4) 

12 12 12 12 

where s = 1 , then the brackets ()5.2j) are invariant in the sense that ()5.3)1 is a Poisson 
map. Once again for consistency we need to check the Jacobi identity, or equivalently the 
classical Yang-Baxter equations for r. But as before these conditions are only satisfied 
when all but one Ki vanish, and so we only get a consistent deformation of SL(2, C) 
in the Connes-Landi limit. For a classification of consistent quantum deformations of 
SL(2,C) see [T0|. 

6 Concluding Remarks 

Our search for quantum deformations of Spin{A) and SO (4) for which the noncommu- 
tative three-spheres of Connes and Dubois- Violette are homogeneous spaces, and which 
have a smooth commutative limit in the Lie-Poisson sense, has yielded only the known 
symmetries of twisted Connes-Landi spheres. The question arises as to whether a more 
involved analysis can yield any other quantum deformations, possibly without a smooth 
commutative limit. Other possibilities which are currently under investigation would 
allow for more general Poisson structures on the group at the Poisson level, or commu- 
tation relations at the quantum level. In this regard, although the brackets ()2.10j) . if 
they could have been consistently defined, would have assured that (jl.6j) is a Poisson 
map, other possibilities for the Poisson structure on g and h can be explored. For ex- 
ample, one might try dropping the relations {g , g} — {h, h} — 0. The difficulty is 

12 12 
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to make this consistent with the requirement that be a Poisson map. Moreover, 
at the quantum level, one can consider generalizing the commutation relations ([4.13)1 . 

possibly dropping [g , g] = [h , h] = 0. The task then would be to find the analogue 

12 12 

of ()4.14j) . Finally, throughout this article we have insisted upon writing Poisson brackets 
and commutations relations in terms of an R-matrix. While this is an important case, 
other possibilities should be investigated for an exhaustive study. 
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